
COMBINATORICA 1 (3) (1981) 209- -216  

BALANCING FAMILIES OF INTEGER SEQUENCES 

by 

J6zsef BECK 

Mathemat ica l  Inst i tute  of  the H u n g a r i a n  Academy  of  Sciences 

Budapes t ,  H u n g a r y  H - 1053 

Received 4 November 1980 

In this paper  we prove the  following theorem:  Given  a sequence  Aa,A2 , . . . ;A~:=  
-- IQ(k).,:z a(k).~: - ~  1 ~ ...} of  infinite sets o f  positive integers, there  exists a suitable funct ion  g ( n ) = - &  i 
for which 

m 

max iS=ig(a}~') ) < k (1+~1°ik/2 if k ~ k0(O. 

Some general izat ions  are  also considered.  

1. Introduction 

Throughout this paper log will denote binary logarithms. Let [v[= denote 
the maximum norm of the vector v, that is, Iv]= =max  Iv(1)[ where v=(v (x), v (~), ...). 

N denotes the set of positive integers. 
Cantor, Erd6s, Schreiber and Straus [2] (see also [3]) observed that there is 

a function g: N ~ { - I ,  1} for which 

max ~ g(a + kd) < h(d) 
a~m k=l  

for a certain function h(d). They showed h(d)<d!. Our main objective is to improve 
on this bound by showing 

h(d) < d (l+e)l°ga. 

(Here e approaches zero while d tends to infinity.) 
In fact, we shall prove a more general theorem answering a question of 

Erd6s [2], [4] affirmatively. Erd6s raised the following problem: Let A,= 
----{a~ a~ <.. .},  k =  1, 2 . . . .  be a sequence of infinite sets of positive integers. 
Does there exist a function f(k) so that for a suitable g(n) = ± 1 

max i=z~ 1 g(a[ k)) < f ( k ) ?  

A M S  subject  classification (1980); I0 L 20; 05 C 65, 05 C 55 
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Theorem 1. 
f (k )  < k (l+e)l°gkl2 

(1) is an immediate consequence o f  Theorem 1, since h(d)<-2f i = 
i 

= 2f(d(d q- 1)/2). 
F rom a result o f  Roth  [7] on the discrepancy of  sequences relative to arithmetic 

progressions it follow that  da/2<h(d), and the s tandard " r andom sequence" argu- 
ment  gives da/2<f(d). There is a huge gap between the lower and upper bounds.  
The lower estimates appear  to be more accurate. In fact, we suspect t h a t f ( d ) < d  ~ 
for  some constant  c. 

In Section 2 we prove Theorem 1. In Section 3 we mention some generaliza- 
tions and outline their proofs. 

2. The proof 

Let Q(d, M)  be the smallest value of  t such that the following holds:  Given 
any t integral vectors al . . . .  , a t o f  dimension d, each having norm ]ag[~_-<M one 
can find a non-empty  subset H ~ { I ,  ..., t} and signs {6~}~en, 6~=_+1, so that  
~ i E H ( ~ i a i : O .  

The following simple lemma forms the core o f  the p roo f  (see also Olson and 
Spencer [6] Section 2). 

Lemma 1. 0(d, M ) < - 2 d l o g  (dM). 

Proof.  We consider all sums of  the form z~ ,~  ai, where 1is  a subset o f  the interval 
{1 . . . . .  t}. There are 2 t such sums. Each sum is a vector of  the form (bl, ..., be), 
where [b~l<=tM, hence there are at most  ( 2 t M + l )  a distinct vectors among  them. 
Our  condit ion t ~ 2 d l o g  (dM) implies 2'>(2tM+l)" .  We conclude by pigeonhole 
principle that  there are two different subsets I and J o f  {l . . . .  , t} such that  ~ E ~  a~ = 
= ~iEjai.  We can complete the p roof  o f  the lemma by choosing H = ( i \ j ) U ( J \ I ) ,  
6i= 1 if i E I ~ J  and 6 1 = -  1 if iEJ~L  I 

Next, we express Theorem 1 in terms of  the incidence matrix o f  the sequences 
Ak. We define the (infinite) incidence matrix 

V = V ( A 1 ,  A 2 . . . .  ) = [Vk,s]k'°=l~°=l 

by setting Vk,s = 1 if SEAk, else 1)k,s~-O, N o w  Theorem 1 is equivalent to the statement 
that for an arbi t rary infinite 0 -  1 matrix v = [Vk.s]~=l ~=1 there are signs el, e2 . . . .  ; e~= 
± lsuch that for every m 

Z=I L~k's k(l+6)l°gkl2 = (2) e s <- if  k>ko(e) .  
s 

Observe that  it suffices to prove (2) for 0 -  1 matrices having arbi t rary large 
finite number  o f  rows. Indeed, assume that  (2) have already been proved for  0 - 1  
matrices having nr rows, with n r o  o0 if  r o  co. Tha t  is, for every positive integer r 
there exists an array of  signs {q(r)};'=l satisfying (2) for ko(e)<-k<-n,. Since we 
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have only two signs, in the sequence {ex(r)}~=~ there will one occuring infinitely 
many  times, say el(r~,O=ea(rl.2) . . . . .  Denote this c o m m o n  sign by el. 

Again, we will find an infinite subsequence r2,a, r2,2 . . . .  of  r~,~, rL2, ... such 
that  ~(r%1)=~2(r2,2)=. . . .  Denote this c o m m o n  sign by ~.,, and so on. Finally, we 
obtain an infinite array of  signs {es}~'= ~ satisfying (2) for every k>-ko(O. 

It will be convenient for us to prove (2) for  0 - 1  matrices having 
n ~ :  2 ~ -  1 rows. 

We start with some definitions. 
Let :/g={H(i,j)}'~=x7=~ be a family of  finite subsets o f  N with the follow- 

ing properties. 

(3a) H(i,.A) and H(i,  j2) are disjoint if j~¢j2.  
(3b) There are uniform bounds  ta . . . .  , t, such that  IH(i,j)[<=h. 
(3c) For  every m and i the interval {1 . . . . .  m} can be written in the fo rm 

[,] H(i,  j)LJ P(i, m) for some m i and P(i, m) with [P(i, m)] <= t i -  1. 
l ~ _ j ~ m  i 

A set-system Y't~= {H(i,j)}l~_i~_r,l~j<~ having these properties will be called 
a (tx . . . . .  t,)-system. 

Associate a sign 6 , , (0=  + 1 with each nE U H( i , j ) ,  1 <-i<=r and let ~ denote 
j = l  

the array o f  signs, i.e. 

~={6,(i)}.~nt;) , l=<~_,,  where H ( i ) =  ~ J H ( i , j ) .  
]=1 

Let us be given a (h ,  ..., t,)-system ~ and an array o f  associated signs N. 
We say that  the matrices 

V(i) = [Vk,#(i)]l~_k~2._a, 1~_ . . . .  1 ~ i ~ r 

are induced by J f  and N, if the following recursion hold:  

(4a) V(O) = V (that is, V(O) is the incidence matrix of  the sequences Ak, k = 1, 2, ...). 

(4b) vk,~(i)= ~ g , ( i )vk , , ( i - - I )  for 1 < - - i ~  r, 1 = < k = 2  ~ - 1 ,  1 _-<s<oo.  
n C H(i ,  s) 

Lemma 2. There exist a (t a . . . . .  t,)-system ocg and an array of  associated signs 
such that 
(5a) the parameters q . . . . .  t, satisfy the recursion to = 1, q = Q ( 2  i-1, to t1 . . . . ,  ti-O, 

1 <=i<=r; 
(5b) in the induced matrices V(i )= V(i, ~gt ~, ~ ) ,  1 ~_ i <= r, the first 2 i -  I rows are 

identically O, i.e. Vk.~(i)=O for l--<k=<2 i -  1, l=<s<~o.  

We postpone she p roo f  o f  Lemma 2 to the end of  this section. 
N o w  we deduce Theorem 1 f rom the lemmas. We prove that  for an arbitrary 

0--1-matr ix .  V=[Vk,.~]a<_k~_2r_~ ' 1<=,<~ there exists a sequence o f  signs e , =  4-1 such 
that  for every m and k0(~)=<k=<2 r -  t (2) holds, 

By the application o f  Lemma 2 we obtain the existence o f  a (q . . . .  , t,)-system 
o~ff = {H(i,j)}l~i~_r, l~_j<= and an array o f  signs ~ = {(~,,(i)},~H(i), a_~i~_, satisfying (5a) 
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K( i , j )  = 

Similarly, let (see (3c)) 

and (5b). Let us define the sets K(i , j )  by the following fo rmula :  

K ( 1 , j )  = H ( I , j )  

U K ( i - l , n )  for  2~=i<=r. 
nEH(i,j) 

R ( I ,  m) -- P ( l ,  m) 

R ( i , m ) =  U K ( i - l , n )  for 2_-<i_-<r. 
i, E P(i, m) 

From the construction follows (see (3b) and (3c)) 

(6) [K(i,j)] ~- t 1. . . . . t  i and JR(i, m)] <- tl" ... " t i - l ( t i -1) .  
Finally, set 

S ( i ) =  ] J K ( i , j )  for l _ -< i~  r, S(0) = N  and S ( r + l ) = O .  
j = l  

Obviously S (0 )D  S ( I ) D . . .  D S(r+ 1). 
N o w  we are ready to define the desired signs e~. I f  s E S ( i ) \ S ( i +  l) (1 _-<i<=r), 

then there are indices s j ,  j - -  1, ..., i so that  

i 
sE 0 K(j ,  s j) 

j=~ 

and  let e~= U 6~j(j). I f  s~N'~S~, then e~ m a y  be chosen arbitrarily.  
j = l  

F r o m  the definitions above directly follows the fundamenta l  

(7) . ~  e, Vk,, = +--Vk,j(i). 
n E K(i, j) 

We are now in the posit ion to prove  the upper  bound  in (2). Assume that  
2q-1 ~ k < 2q. By repeated applicat ion of  (3c) we obtain 

{1 . . . .  , m } =  U H ( I , j ) U P ( 1 ,  mo) (let mo 
l--~j----m I 

{1 . . . .  , ml} = U H(2, j )UP(2 ,  mi) . . . .  

{1, . . . ,  m q _ l }  = U H ( q , j ) U P ( q ,  m q _ l )  ; 
l~ j~t t lq  

f rom which there follows 

{1  . . . .  , i n }  = 

Hence 

. ~  ~s Vk, s 

By (5b) and (7) 

= m), 

U K(q,j)UR(q, m q _ 1 ) U . . .  U R ( I ,  too). 
l~_j~mq 

mq q 

= Z Z Z 
j = l  sE K(q,j) i=l  s (  R(i,mi_ 1) 

~s Uk, s" 

Z e, vk,s = +vk, j(q) = 0 
s E K(q, j) 



BALANCING FAMILIES OF INTEGER SEQUENCES 213 

since k<2q.  Therefore,  using (6) 

(8) = Z Z <- IR(i, mi-1)l --<-- 
R(i, mi_l) ~=1 

q 

~-- Z t i ' . . . ' t i -~( t i - -1) l  < q ' . . . ' t q .  
i=1 

By Lemma 1 we have Q(d,M)<-2dlog(dM).  Now an easy computa t ion  (using 
(5a)) yields 

tl <= 2 i+c¢? 

with some universal constant  c. Returning to (8) we obtain 

s~__lesVk, s < t 1 • . . .  , tq  <-- 2 i+c)~ <-- 2 ~ <=- k (l+e)l°gk]2 
/=1 

for  k=>ko(e) since 2q-a<=k. This completes the deduction of  Theorem 1 from lemmas. 

P roof  of Lemma 2. We shall construct  the desired . ~ =  {H(i, j)}~_~,,  1~_i<= and 
~={6n(i)},cn(0,1~_~_ r by induction on i. Assume that  d~i={H(h,j)}o~_h~_i,l~_j.<~ 
and Nl=  {6,(h)}n~n(0, O~_h~_i have already been defined so that  ~ is a (to, q ,  ..., t~)- 
system, the parameters to, tl . . . . .  t~ satisfy the recursion (5a) and the first 2 ~ -  1 
rows o f  the induced matrix V(i) are identically 0. Let  H ( 0 , j ) =  {j}, 6,(0)-~ + 1 and 
to = 1. Consider the 2~-dimensionaI vectors a ,=(a~ (t), a~ (~), ..., a~ (2°) with coordinates  
a~-°=vt, s(i), where l = 2 i + j  - 1, l <=j~_2 i. 

By (6) and (7) 
la~l~ ~ IK(i,s)l ~- q - . . . - t i ,  

thus, by the definition of  Q(d, M)  one can select a non-empty subset H(i+ 1, 1 ) c  
c: {1, ..., Q(2 ~, q . . . . ,  t~)} and signs {6, ( i+  l)},em~+~,~ ) such that  

6n(i+ 1)a, = 0. 
nEH( i+I ,1 )  

For  an infinite subset B of  N let B[Q] denote the set of  the ~o smallest elements 
o f  B, i.e. 

B [ ~ ] =  {b, , . . . ,b0},  where B =  { b ~ < b z < . . . } .  

Assume that  H( i+  l , j ) ,  1 ~_j<=p and the associated signs {6n(i+ 1)}ne,'-t(i+l,j), 
1 _ J  = p  have already been defined. Then, similarly as above, one can find a subset 

P 
H ( i + l , p + l )  of  B[.o], where B = N " x  U H ( i + l , j )  and Q=.o(2 i , q . . . . - t t ) ,  and 

j = l  
associated signs {6 , ( i+  1)},em~+a,p+~), 6,(i+ 1)= 4- 1 such that 

(9) ~ 6n( i+  1)a,, = O. 
n~H(i+l ,p+l)  

= k = 2  - I .  s = l , 2  . . . . .  that  is, the (9) means that  Vk.~(i+l)=O for  2 i<  < ~+~ 
first 2 ~+' -- 1 rows of  V(i+ 1) are identically 0 (the first 2 ~ -  1 rows are 0 automatically).  
It is easy to see that  #~ff~+x= {H(h,j)}o~h~=i+x, l~_j'<~ is a (to, q ,  ..., t i+0-system with 
q+x=Q(2~, q - . . . ,  t~), thus, the induction step is complete.  This proves Lemma 2, 
and thereby Theorem 1. II 



214 J. BECK 

3. Generalizations 

We may reformulate Theorem 1 as follows. Given integer sequences A~, Az . . . .  
it is possible to partit ion N into two parts N1 and N2 in such a way that, for each 
k and n, Ak N Na (q {1 . . . .  , n} and A k ~ N2 (q {1, ..., n} contain approximately the same 
number  o f  elements. 

N o w  let us consider the following related question: What  is the "smallest" 
function fp(k) ( p ~ 3 )  such that,  given integer sequences A x ,  A 2 . . . .  , one can find a 
p-par t i t ion Na . . . .  , Np of  N so that  

IlAk A N~ C) {1, ..., n } ] -  ]A k f-) Nj f-) {1, ..., n}ll < fp(k) 

for  all 1 < - i < j ~ p  and k =  1,2 . . . .  ? 

Theorem 2. 
fp(IQ < k (l+e)lOgk for  k >-_ ko(e, p). 

The p roof  of  Theorem 2 goes along the lines as o f  the p roo f  of  Theorem 1, 
but  instead of  Lemma 1 we need Lemma 3 below. Details are left to the reader. 

Lemma 3. Let  a~, ..., at be d-dimensional integral vectors and let [ail~ <_--M. I f  d>=do(p) 
and t>=4d 2 log 2 (dM),  then one can select p pairwise disjoint non-empty subsets 
Ha . . . . .  Hp o f  {1 . . . . .  t} such that ,~  i ~ ~i j ai= ~ i E n~ al for  all 1 <-j <= k <= p. 

Proof.  Consider all sums of  the form ~ t  a~, where I is a subset o f  {1, ..., t} having 

q = [ I / 7 ]  (integral part). There are (tq) suchsums .  The maximum norm cardinality 

o f  each sum is bounded  by qM, hence there are at mos t  ( 2 q M +  1) d distinct vectors 
among  them. Our  conditions d>=do(p) and t ~ 4 d  2 log 2 (dM)  imply 

[tq) > q ! ( p _  l )q(2qM + l)d" 

By the pigeonhole principle there are n > q  ! ( p - 1 ) q  subsets /1 . . . . .  I ,  such that  all 
sums ~ e l ~  ai, 1 <=j<-n are equal. Applying a well-known theorem of  Erd6s and 
R a d o  [5] to the set-system {Ij}7=1 we obtain that one can select p o f  them J1 . . . .  , Jp 
which form a s trong A-system, that  is, the intersection o f  any  two J f s  is the same 
set. Denote it by D=J~f-)J  2 and set H i = J i ~ D  , 1 <=i<_p. I 

We can express Theorem 1 in terms of  vectors as follows: Let al, a2 . . . .  be 
infinite dimensional 0 - 1  vectors, then one can find signs za, e2 . . . .  ;el = + 1, and a 
vector w such that  for  every m 

(10) .~  e~a i ~ w, 
i=1  

where w = ( w  (a), w (2) . . . .  ) and w(k)=k (l+e)l°gkI2 for k>:ko(e). Here a_~w means that 
[a(i)[ ~ w (/), where a = ( a  (1), a (') . . . .  ). 

Finally, we mention the "cont inuous"  version o f  (10). 
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T h e o r e m  3. Let vl, v~ . . . .  be infinite dimensional vectors satisfying I v i f ~  1. Then 
one can find signs el, ~2 . . . .  ; e , =  _+ 1, and.a vector u such that for every m 

m 

i=1 

where u = ( u  (1), It t(2), . . . ) ,  U (k) = k(2 + ~)tog k for k >= kl (e). 

Theorem 3 is an infinite dimensional version of  the following result of  Bfir~iny 
and Grinberg [1]: Given v~ . . . . .  v,,CR d satisfying Ivil= = l ,  there exists el, ..., e , = - +  1 
such that  

! 

m a x  = -< 2d. 
l~_m~n i = l  

Proof .  We deduce Theorem 3 from (10). In fact, we shall use the following slight 
generalization of  (I0): Given infinite dimensional vectors al ,  a2 . . . .  having coordi- 
nates 0, 1 or - 1 ,  there exist al, e~ . . . .  ;~ i=  ±1 such that  

m ei ai , 2  : < 

with w = ( w  (~), w (2), ...), w(k)=k(~+~)~°gk/"~ for  k>_-k~(g). Its p roof  is left to the reader. 
Denote  the j - th  coordinate of  v i by v} j). Since - 1  <=v}J~<= 1, thus it is rep- 

rezentable in the form 

(12) v[ j) = Z v( i , j ,  s)3 -~, 
s = 0  

where v ( i , j , s ) = l  or - 1  or 0. Define a bijection fl: N X ( N U { 0 } ) ~ N  as follows: 

( j  + s l ,  
f l ( j , s ) = [  2 ~+J" 

Set a}k)=v(i , j , s ) ,  where ( j , s ) = f l - l ( k ) .  Furthermore ,  let ai=(a[l~,a} ~) . . . .  ), 
i =  1, 2, . . . .  By the application of  (11) we obtain that  there exist e~, e2 . . . .  ; ~ =  _+ 1 
such that  

ttl 
max Z e l a ~  ~) < k (l+e)l°gk/2 for k > k (3) 

trt i = 0  
or equivalently, 

1 (13) maXm i=l ~'iv(i' j '  S) <= k (1+6) 1°gk/2 

with k = f l ( j ,  s) and k>-kz(5). Multiplying (13) by 3 -~ and summing for s=O, 1, ... 
we have (see (12)) 

(14) max,, i= ~le lv! j )  <= ~=o ~ exp {(1 +5)log '~f i ( j ,  s)/2}3 -~ 

forj>-j2(6). A simple calculation yields that  

.~  exp {(1 + ~5) log" fi (j ,  s)/2} 3-~ =< j(2+~)iog i, 
smO 
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where  e = e ( 3 ) ~ 0  i f  6 4 0 .  R e t u r n i n g  to (14) we o b t a i n  tha t ,  fo r  sufficiently large j 

max,. i=l~iV! j ) ~  ~ j (9~+e)l°g j , 

which  was  to be p roved .  II 
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