CoMBINATORICA 1 (3) (1981) 209—216

BALANCING FAMILIES OF INTEGER SEQUENCES

by
Jozsef BECK
Mathematical Institute of the Hungarian Academy of Sciences
Budapest, Hungary H—1053
Received 4 November 1980

In this paper we prove the following theorem: Given a sequence A4, Az, ...; A=
={a{®<al<...} of infinite sets of positive integers, there exists a suitable function g{#)= 41
for which

3 g(a)] < kAot i ko= (o).

i=1

max
m

Some generalizations are also considered.

1. Introduction

Throughout this paper log will denote binary logarithms. Let [v].. denote
the maximum norm of the vector v, that is, |v|.=max [v'?] where v=(®), »?, ..).
13

N denotes the set of positive integers.
Cantor, Erdds, Schreiber and Straus [2] (see also [3]) observed that there is
a function g: N—{—1, 1} for which

max | > gla +kd)| < h(d)
@&m k=1
for a certain function /4 (d). They showed 4 (d)<d!. Our main objective is to improve
on this bound by showing
h(d) - d(l%—e)logd.

(Here € approaches zero while d tends to infinity.)

In fact, we shall prove a more general theorem answering a question of
Erd8s [2], [4] affirmatively. Erd8s raised the following problem: Let A,=
={a{P<a?<...}, k=1,2, ... be a sequence of infinite sets of positive integers.
Does there exist a function f(k) so that for a suitable g(n)==*1

m

> ga®)

i=1

<= f(k)?

max
m
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Theorem 1.
f(k) < kQ+e)logk/2

d
(1) is an immediate consequence of Theorem 1, since h(d)éZf[Zi):

i=1
=2f(d(d+1)/2).

From a result of Roth [7] an the discrepancy of sequences relative to arithmetic
progressions it follow that d'?<h(d), and the standard “random sequence” argu-
ment gives d'*<f(d). There is a huge gap between the lower and upper bounds.
The lower estimates appear to be more accurate. In fact, we suspect that f(d)<d®
for some constant c.

In Section 2 we prove Theorem 1. In Section 3 we mention some generaliza-
tions and outline their proofs.

2. The precof

Let o(d, M) be the smallest value of ¢ such that the following holds: Given
any t integral vectors a,, ..., a, of dimension d, each having norm |a].=M one
can find a non-empty subset Hc{l,...,7} and signs {6;}icy, d;= %1, so that
2 icn6:2,=0.

The following simple lemma forms the core of the proof (see also Olson and
Spencer [6] Section 2).

Lemma 1. ¢(d, M)=2d log (dM).

Proof. We consider all sums of the form >;¢r a;, where I is a subset of the interval
{1, ..., t}. There are 2' such sums. Each sum is a vector of the form (&, ..., by),
where |b;|=tM, hence there are at most (2:tM--1)? distinct vectors among them.
Our condition t=2d log (dM) implies 2°>(2:tM +1). We conclude by pigeonhole
principle that there are two different subsets 7 and J of {1, ..., t} such that >, a;=
= >'.c;4;. We can complete the proof of the lemma by choosing H=(iI\j)U(J\J),
o;=1if ieIN\J and §,=—1if icJ\J. ||

Next, we express Theorem 1 in terms of the incidence matrix of the sequences
A,. We define the (infinite) incidence matrix

V = V(Ala A2= ) - [Uk.s];:;l;o:l

by setting v, ;=1 if s€ 4, else v, ;=0. Now Theorem 1 is equivalent to the statement
that for an arbitrary infinite 0— | matrix v=[v; iz, 5=, there are signs ¢;, &;, ... ; &=
T Isuch that for every m

(2) = k(+e)logk/2 lf k= ko(e).

m
2 as Uk,s
s=1

Observe that it suffices to prove (2) for 0—1 matrices having arbitrary large
finite number of rows. Indeed, assume that (2) have already been proved for 0—1
matrices having #, rows, with n,— o if r—~. That is, for every positive integer r
there exists an array of signs {e,(r)}sz, satisfying (2) for ko(e)=k=n,. Since we
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have only two signs, in the sequence {g(r)};z, there will one occuring infinitely

many times, say & (r;, 1)=& (r; z)=... . Denote this common sign by &, .
Again, we will find an infinite subsequence ry 1, #3 2, ... Of 71,1, 71,5, ... Such
that e,(ry 1) =¢,(72,2)=... . Denote this common sign by ¢,, and so on. Finally, we

oo

obtain an infinite array of signs {g}s=, satisfying (2) for every k=k,(¢).

It will be convenient for us toprove (2) for 0—1 matrices having
n,=2"—1 rows.

We start with some definitions.

Let s ={H(i,j)};i-1 =1 be a family of finite subsets of N with the follow-
ing properties.
(3a) H(,j,) and H(i, j,) are disjoint if j; #/,.
(3b) There are uniform bounds ¢, ..., f, such that |H (i, j)|=¢,.

3¢y For every m and i the interval {l,...,m} can be written in the form
J  H(@,j)JP>, m) for some m; and P(i, m) with |P(i, m)|=t;,—1.
1=j=m;
A set-system = {H (i, )},zi=, 1= <~ Daving these properties will be called
a (f, ..., t,)-system.
Associate a sign 6, (/)= £ 1 with each n€ |J H(i,j), 1 =i=r and let & denote
i=1

J
the array of signs, l.e.

D = {6,(D}ncniiy, 1=isr» Where H(i) = 'Ul H(i, j).
j=

Let us be given a (¢, ..., t,)-system 3# and an array of associated signs 2.
We say that the matrices

[IA

V(l) = [Uk,s(i)llék_?f—l,lés<coe 1 i

1A

I3

are induced by 3 and 2, if the following recursion hold:
(4a) V(0)=V (thatis, ¥(0) is the incidence matrix of the sequences 4,, k=1, 2, ...).
o) oy (D= 2 6,(Du,(i—=1) for I=i=r l=k=2-11=5<eco

n€ H{,s)
Lemma 2. There exist a (t,, ..., t,)-system # and an array of associated signs 9
such that
(5a)  the parameters t, ..., 1, satisfy the recursion ty=1, ;=02 tyt;-... - t;_1),
i=i=r;
(5b) in the induced matrices V(\\=V(i, #, D), 1=i=r, the first 2'—1 rows are
identically 0, ie. v, (D)=0 for 1=k=2"—1, Iss<oo.

We postpone she proof of Lemma 2 to the end of this section.
Now we deduce Theorem 1 from the lemmas. We prove that for an arbitrary
0— I-matrix. V=[v, Jisk=2r—1, 1=s< there exists a sequence of signs e;= + 1 such
that for every m and kq(e)=k=2"—1 (2) holds.
By the application of Lemma 2 we obtain the existence of a (¢, ..., #,)-system
H ={H(i, ) hsisr 1sj<- and an array of signs @ ={8,(i)}nc n, 1=i= satisfying (5a)
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and (5b). Let us define the sets K(7, j} by the following formula:
K(1,j) = H(,}))
K@G,j)= U K(i-Ln for 2=i=r

nE€H(3, Jj)
Similarly, let (see (3c))
R(I,m) = P(l,m)

R(@i,m)y= J K(i—1l,n) for 2=i=r.

n€ P(i,m)
From the construction follows (see (3b) and (3¢))

6) [K(i,j)| =t,-...-t; and [R(i,m)|=t,+...+t;_(t;—1).
Finally, set

Sy = [K(,j) for 1=i=r SO =N and S(r+1)=0.
Jj=1

Obviously SO S(H>...oS(F+1).
Now we are ready to define the desired signs g;. If se SUNS(@+1) (1=i=r),
then there are indices s;, j=1, ..., { so that

s€ () K(Jj, sp)
ji=1
and let g,=J 4,,(j). If s N\S;, then ¢ may be chosen arbitrarily.
izt
From the definitions above directly follows the fundamental

M 2 Ealgn = iUk,j(i)-

nE K@, J)

We are now in the position to prove the upper bound in (2). Assume that
29-1=k <24, By repeated application of (3c) we obtain

{1,...,m}= 1 H{,HUPU, mg) (let my=m),

1=j=m

{I,....m}= U HQZ HUPQ2, my), ...

i=j=m,

{1,...,inq_1}: U H(‘],J)UP(% mq—l);

=j=
I1sj=m,

from which there follows

{1, ...,m}= 155J5m K(g, j)UR(g, my_U...UR(L, my).

Hence
m g q
ngvk,s = 2 Z Esly, s+ Z 2 &V, 5-
s=1 Jj=15€K(q, /) i=1s€R(i,m;_)

By (5b) and (7)
2 gsvk,s = ivk,j(q) = 0

s€ K(g.J)
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since k<24, Therefore, using (6)

m q q
;;-ssuk,s = Z 2 gsuk,s = Z R(l ml 1)] =

i=1s€R{i,m;_y)
q
= Z; Lievtig(G=Dl < ty- .01,
i=

By Lemma 1 we have ¢(d, M)=2dlog(dM). Now an easy computation (using
(5a)) yields

(®)

t, = 2i+eli
with some universal constant ¢. Returning to (8) we obtain

g(g+1) +egd/?
2

q
<tie.oty= [[2reVi=2
i=1

= k(1+e) togk/2

Z ssvk,s
s=1
for k=k,(e) since 29-1=k. This completes the deduction of Theorem 1 from lemmas.

Proof of Lemma 2. We shall construct the desired # ={H(/, /) h=i=r 12j< and
D={6,()}ncnw, 1=i=- by induction on i. Assume that #,= {H(h Nosh=i, 1mj<ew
and 2,={0,(h)}nc pu), o=n=: have already been defined so that Hiis a (ty, tyy -.o0 ;)"
system, the parameters #,, #q, ..., t; satisfy the recursion (5a) and the first 2‘—1
rows of the induced matrix V(1) are identically 0. Let H(0, j)={j}, $,(0)=+1 and
ty=1. Consider the 2-dimensional vectors a;=(a{", a{®, ..., a®*?) with coordinates
al=v, (i), where [=21j—1, 1 =j=2",
By (6) and (7)
la|ee = |K>E, )| =tye... o1,

thus, by the definition of ¢(d, M) one can select a non-empty subset A (i+1, Hc
cf{l, ..., 0@, ty-...- 1)} and signs {6,(i+1)}acn+1, 1 such that
> 6,(i+Da,=0.
€ H(i+1,1)
For an infinite subset B of N let B[g] denote the set of the ¢ smallest elements

of B, i.e.
Blo] = {by, ..., b,}, where B={b, <b,<..}

Assume that H(i+1,/), 1=j=p and the associated signs {3,(i+ D}egi+1,i>
1 =j=p have already been defined. Then similarly as above, one can find a subset

H(@i+1,p+1) of B[g], where B=N\_ U H(Gi+1,/) and o=92, ¢,-...- ), and
associated signs {3,(i+ DlucrG+1,p+1» 5 (l+l) =+ 1 such that
©® > 5,(i+a,=0.

n€H{I+1,p+1)

(9) means that v, ((i+1)=0 for 2’=k=2"*+1—1. s=1,2, .., that is, the
first 2+! — | rows of V(i -+ 1) are identically 0 (the first 2 — 1 rows are 0 automatically).
It is easy to see that 3, , ={H(, }osnzit+1, 15j<e 15 & (To, 11, ..., Lpq)-SyStem with

tiri=02, t-... - 1)), thus, the induction step is complete. This proves Lemma 2,
and thereby Theorem 1. [ |
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3. Generalizations

We may reformulate Theorem 1 as follows. Given integer sequences A;, 4,, ...
it is possible to partition N into two parts N, and N, in such a way that, for each
kand n, A,NN,N{L, ..., n}and A,NN,N{L, ..., n} contain approximately the same
number of elements.

Now let us consider the following related question: What is the “smallest”
function f,(k) (p=3) such that, given integer sequences 4,, 4,, ..., one can find a
p-partition Ny, ..., N, of N so that

T4NNNO{L, .., n}l = 14NN, N o nY] < £, ()

for all 1=i<j=pand k=1,2,...?

Theorem 2.
fok) < k@+oeek  for k= ky(e, p).

The proof of Theorem 2 goes along the lines as of the proof of Theorem 1,
but instead of Lemma 1 we need Lemma 3 below. Details are left to the reader.

Lemma 3. Let a,, ..., a, be d-dimensional integral vectors and let |a;)|.. =M. If d=d,(p)
and t=4d?*log® (dM), then one can select p pairwise disjoint non-empty subsets
Hy, ....H,of {1, ..., t} such that Zlien, 8= icn, 8 for all 1=j=k=p.

Proof. Consider all sums of the form 3¢, a;, where 7 is a subset of {1, ..., r} having

cardinality q=[l/?:| (integral part). There are (;) such sums. The maximum norm

of each sum is bounded by gM, hence there are at most (2gM +1)¢ distinct vectors
among them. Our conditions d=d(p) and t=4d? log? (dM) imply

() = a0 eagm+ 1

By the pigeonhole principle there are n=>¢!(p—1)9 subsets I, ..., I, such that all
sums ey a;, [=j=n are equal. Applying a well-known theorem of Erdds and
Rado [5] to the set-system {/;}7_, we obtain that one can select p of them J;, ..., J,
which form a strong A-system, that is, the intersection of any two J’s is the same
set. Denote it by D=J,NJ, and set H;=J\D, 1=i=p. |

We can express Theorem 1 in terms of vectors as follows: Let a,, a,, ... be

infinite dimensional 0—1 vectors, then one can find signs &, &, ...; =11, and a
vector w such that for every m

m
(10) Dea, =W,

where w=(w®, w?, ) and w® =k +aloekl2 for k=k,(¢). Here a=w means that
[a®|=w®, where a=(a®, a®, ..)).
Finally, we mention the “continuous” version of (10).
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Theorem 3. Let vy, Vo, ... be infinite dimensional vectors satisfying |v.=1. Then
one can find signs €, &y, ...; 8, =+ 1, and -a vector u such that for every m

m
2 &V, =1,
i=1

where u={u®, u®, ), uP =k@+aleek for =k (¢).

fik

Theorem 3 is an infinite dimensional version of the following result of Barany
and Grinberg [1]: Given v, ..., v,€R? satisfying |v]. =1, there exists ¢, ..., £, =1
such that

m

2 &V;
i=1
Proof. We deduce Theorem 3 from (10). In fact, we shall use the following slight
generalization of (10): Given infinite dimensional vectors a,, a,, ... having coordi-
nates 0, 1 or —1, there exist &, &, ...; =11 such that

= 2d.

oo

max

1=m=n

m

2 &a

i=1

(11 max =w

m

with w=(wV, w® ), wh=k0+alogkl2 for k=k,(e). Its proof is left to the reader.
Denote the j-th coordinate of v; by v, Since —1=v/’ =1, thus it is rep-
rezentable in the form

=

(12) o = Z vl j, 937

s=0

where v(i,j,s)=1 or —1 or 0. Define a bijection B: NXINU{0})~N as follows:
; R
B(j,s) = [Jz )+J~

Set a®=v(i,j,s), where (j,s)=B1(k). Furthermore, let a,=(a,a{®,..),

i=1,2,.... By the application of (11) we obtain that there exist &, &, ...; =11
such that

m
max | > g;alP| = kA+dloekiz for k= k,(5),
m o lizo
or equivalently,
m
(13) max | > gv(i, j, s)| = kQ+dlogk/2
m i=1

with k=p(J, s) and k=k,(6). Multiplying (13) by 3-* and summing for s=0, 1, ...
we have (see (12))

(14) max Zm'e;vff’, = Sexp {(1+6)log®B(j, s)/2}3~*
moli=1 s=0

for j=j,(d). A simple calculation yields that

S’ exp {(1+0)log? B(j, s)/2}3~*° = j+oloe),
s=0
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where e =¢(8)—~+0 if 6—+0. Returning to (14) we obtain that, for sufficiently large j

max

m

= j(2+5) log J,

m i
> gvfd
i=1

which was to be proved. |
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